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Abstract
A variant of Michael’s example is given to the following effect: there is a Lindelöf space M of weight ℵ1, with all Gδ-sets open,
such that M × B(ℵ1) is nonnormal. This answers a question from [K. Alster, On the class of ω1-metrizable spaces whose product
with every paracompact space is paracompact, Topology Appl. 153 (2006) 2508–2517].
© 2006 Elsevier B.V. All rights reserved.
MSC: 54B10; 54D20; 54E50
Keywords: Products; Normality; Lindelöf; P -space
In this note we present a variant of a celebrated example of E. Michael [5] of a nonnormal product of a paracompact
space and a metrizable space. Our example is closely related to constructions by J.E.Vaughan [9] and L.B. Lawrence
[4], cf. Remark 3. The result answers Question 3 asked by K. Alster [1]. Our main incentive, however, was to make
transparent the role played by Stone’s set [7] in this topic, cf. also [2].
Let Ω be the space of ordinals not greater than ω1, let Γ ⊂ Ω be the set of nonlimit ordinals, Γ̂ = Γ ∪ {ω1}, and
let us fix a ladder in Ω : to each λ ∈ Ω \ Γ̂ let us associate an increasing sequence sλ :N→ Γ converging to λ.
The Baire space B(ℵ1) is the product Γ N and the Stone set is the subspace S = {sλ: λ ∈ Ω \ Γ̂ } of B(ℵ1).
A.H. Stone [7] proved that S is not σ -discrete (in fact, not Borel).
We set
(1) Q = {q ∈ Γ̂ N: q is increasing on some [0, n) and q(i) = ω1 for i  n},
(2) M = Q∪ S is the space obtained from the subspace Q∪ S of the product Γ̂ N by making the points of S isolated.
Example 1. The space M is Lindelöf, each Gδ-set in M is open, and the product of M with B(ℵ1) is not normal.
Example 2. The sum of ℵ1 copies of M , M ×Γ is a paracompact space of weight ℵ1 all whose Gδ-sets are open, but
its countable product is not normal.
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homeomorphic to M × Γ N.
Let us explain the properties of M in Example 1. As indicated in Remark 1, the Lindelöf property can be derived
from some results in the literature. Nevertheless, it seems useful to recall the key arguments. Clearly, all finite powers
of Γ̂ are Lindelöf, and so is Q. It remains to check that for any uncountable T ⊂ S, T ∩ Q 	= ∅. To this end observe
that
⋃{s(N): s ∈ T } is unbounded in Ω and choose m to be the minimal n ∈N such that {s(n): s ∈ T } is unbounded.
Select an uncountable Z ⊂ T so that s(m) 	= t (m) for any distinct s, t ∈ Z. For s ∈ Z, let qs ∈ Q coincide with s
on [0,m] and be equal to ω1 elsewhere. Then, Q being Lindelöf, there is q ∈ Q which is a condensation point of
{qs : s ∈ Z} and we get q ∈ T .
It is transparent that countable intersections of neighbourhoods of points in Q are open, hence Gδ-sets in M are
open. Let us check that M × B(ℵ1) is not normal.
Following Michael [5], we consider the pair Q × B(ℵ1) and Δ = {(s, s): s ∈ S} of subsets of M × B(ℵ1). The
first set is closed because Q is closed in M . To see that Δ is closed, observe that if M is endowed with the weaker
topology inherited from Γ̂ N, then Δ is the trace on M × B(ℵ1) of the diagonal in the square of Γ̂ N.
Now we use an argument from [2, Section 2]. Let U ⊂ M × B(ℵ1) be an open set containing Δ. For each s ∈ S
pick an open neighbourhood W(s) of s in S with {s} × W(s) ⊂ U . Since S is metrizable not σ -discrete, there is a
t ∈ S such that T = {s ∈ S: t ∈ W(s)} is uncountable. Indeed, we can assume that W(s) is a 1/n(s)-ball about s with
respect to a fixed metric in S, and let Sn = {s ∈ S: n(s) = n}. Choose an n such that Sn is not σ -discrete. Then the
space Sn cannot be locally countable, and this gives a t ∈ Sn with W(t)∩ Sn = {s ∈ Sn: t ∈ W(s)} uncountable. Now,
T × {t} ⊂ U and since M is Lindelöf, there is a q ∈ T ∩ Q. We get (q, t) ∈ U ∩ (Q × B(ℵ1)), which shows that the
pair of closed sets cannot be separated by open sets.
Note that the above reasoning also shows that the product M × S is not normal. This product has cardinality ℵ1.
Remark 1. The space M is homeomorphic to the following space considered in the literature, cf. [6,8,3,1]. Let E be
the subspace of the product {0,1}Ω consisting of characteristic functions of finite subsets of Γ and the sets sλ(N)∪{λ},
λ ∈ Ω \ Γ̂ , and let (E)δ be the set E with the Gδ-topology generated by Gδ-sets in the space E. Associating to e ∈ E
with finite support {α0, . . . , αn−1}, α0 < · · · < αn−1, the function q ∈ Q with q(i) = αi , i < n and q(i) = ω1 for i  n,
and sending e with support sλ(N) ∪ {λ} to sλ ∈ M , one defines a homeomorphism of (E)δ onto M . It is known that
(E)δ is Lindelöf, cf. [6, Section 4], [8, 7.5], which provides another proof that M is a Lindelöf space all whose Gδ-sets
are open.
Remark 2. Let E be the space described in Remark 1. We shall show that E × B(ℵ1) is not normal.
Let E0 be the set of functions in E with finite support, i.e., the set of nonisolated points. Let B be the subspace
of Γ N consisting of increasing functions. Since B is a closed subspace of Γ N, it suffices to check that E × B is not
normal.
Let us consider E0 × B and “the diagonal” Δ = {(cλ, sλ): λ ∈ Ω \ Γ̂ }, where cλ is the characteristic function of
sλ(N)∪{λ}. The reasoning in the proof of Example 1 shows that these sets cannot be separated by open sets. Therefore
it is enough to make sure that Δ is closed in E × B . To this end, let us pick any (c, t) ∈ E0 × B , and let us fix m with
c(t (m)) = 0. Let V = {e ∈ E: e(t (m)) = 0}, W = {u ∈ B: u(m) = t (m)}. Then V × W is a neighbourhood of (c, t)
disjoint from Δ.
The space E is a closed subspace of a space Cw(K) of continuous functions on a compact space K , equipped with
the weak topology, which is Lindelöf, see [6]. In effect, Cw(K) × B(ℵ1) is not normal.
Remark 3. Let (Γ̂ N)δ be the space Γ̂ N with the Gδ-topology. Vaughan [9, Theorem 1] proved that (Γ̂ N)δ × B(ℵ1)
is not normal. Our space M is a closed Lindelöf subspace of (Γ̂ N)δ , cf. (2). The space M can also be embedded in
a natural way as a closed subspace of the Lindelöf space X constructed by Lawrence [4]. Finally, let us notice that
Example 1 strengthens the assertion of Example 1 in [1].
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